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Flat Fronts in Hyperbolic 3-space
3 $H^{3}$ , Weierstrass
(G\’alvez, Martinez, Mil\’an [GMM]). ,
, 2 ( ) .
, $H^{3}$ horosphere ,
[Vla rova, Sasaki]. L, , .
, flat front – ,
.
13 Legendrian curve
Legendrian curve: $M^{2}$ PSL$(2, C)=\mathrm{S}\mathrm{L}(2, C)/\{\pm \mathrm{i}\mathrm{d}\}$
,
(1.1) $E=(\begin{array}{ll}A BC D\end{array})=\sqrt{h}(\begin{array}{ll}\hat{A} \hat{B}\hat{C} \hat{D}\end{array})$ $(\begin{array}{lllllll}\hat{A}h, \hat{B} \hat{C} \hat{D} \text{ }M^{2} \text{ }AD-BC=1 \end{array})$
$E$ . $\sqrt{h}$ $E$ $\mathrm{S}\mathrm{L}(2, C)$
, $\sqrt{h}$ $M^{2}$ 2 ,
$E$ PSL$(2, C)$ . (1.1) $E$
(1.2) $AdD-CdB=0$
, $E$ Legendrian curve .
Legendrian curve $E$ [









$\ovalbox{\tt\small REJECT}$ , $H^{3}$ [GMM] . 3
$H^{3}$
$H^{3}=\mathrm{S}\mathrm{L}(2, C)/\mathrm{S}\mathrm{U}(2)=\mathrm{P}\mathrm{S}\mathrm{L}(2, C)/\mathrm{P}\mathrm{S}\mathrm{U}(2)=\{aa^{*}|a\in \mathrm{S}\mathrm{L}(2, C)\}$
. PSL $(2, C)=\mathrm{S}\mathrm{L}(2, C)/\{\pm \mathrm{i}\mathrm{d}\}$ , PSU(2) $=\mathrm{S}\mathrm{U}(2)/\{\pm \mathrm{i}\mathrm{d}\},$ $a^{*}={}^{t}\overline{a}$
.
2 $M^{2}$ $H^{3}$ $f:\Lambda f^{2}arrow H^{3}$
. , $f$ 2 $h$ ,
$M^{2}$ . , $M^{2}$ $\overline{M}^{2}$
Legendrian curve $E:\overline{M}^{2}arrow \mathrm{P}\mathrm{S}\mathrm{L}(2, C)$ $f=EE^{*}$
. $E$ $f$ . , $f$ 1 , 2
(1.4) $ds^{2}=Q+\overline{Q}+(\omega\overline{\omega}+\theta\overline{\theta})$ , $h=\omega\overline{\omega}-\theta\overline{\theta}$
. $\omega,$ $\theta$ (1.3) , $Q=\omega\theta$ . $M^{2}$
2 $Q$ $f$ Hopf .
(1.5) $G= \frac{A}{C}$ $G_{*}= \frac{B}{D}=\frac{dA}{dC}$
, $f$ . , $A,$ $B,$ $C,$ $D$ (1.1)
. $f$ $f(p)(_{p}\in M^{2})$
$\nu(p)$ , $\pm\nu(p)$ $H^{3}$ ,
$H^{3}$ H3 $=C\cup\{\infty\}$ 2 $(G(p), G_{*}(p))$ .
$M^{2}$ $C\cup\{\infty\}$ 2 .
, PSL$(2, C)$ Legendrian curve ,
(1.4) $ds^{2}$ f=EE*l . , $E$
PSL$(2, C)$ $f$ .
(1.6) $|\rho|=1$ $(\begin{array}{l}\theta\rho\cdot.=\overline{\omega}\end{array})$
1 ( 2 ) .








[GMM]. $S(\cdot)$ $\Lambda I^{2}$ $z$ Schwarz
:
$S(g):=[( \frac{g’’}{g’})$ $\frac{1}{2}(\frac{g’’}{g’})^{2}]dz^{2}$ $(’= \frac{d}{dz})$ .
Schwarz , 2
.
Legendrian curve $E$ (1.3) , , $E$
2 [GMM]. ,
$E=(\begin{array}{ll}A BC D\end{array})$
, $A,$ $C$ (E.1) , $B,$ $D$ (E.2) :
$(\mathrm{E}.1)$ $X”- \frac{\hat{\omega}’}{\hat{\omega}}X’-\hat{\omega}\hat{\theta}X=0$,
(E.2) $\mathrm{Y}’’-\frac{\hat{\theta}’}{\hat{\theta}}X’-\hat{\omega}\hat{\theta}X=0$ .
, ’ $M^{2}$ $z$ , $\omega=\hat{\omega}dz,$ $\theta=\hat{\theta}dz$ .
(2): (1.3) Legendrian curve ,
.
1J([KUYI]). $M^{2}$ , $G$ $G_{*}$ $M^{2}$
$G$ $G_{*}$ . :
(1) 1 $\frac{dG}{G-G_{*}}$ 1 .
(2) $M^{2}$ )– $\text{ ^{}\mathrm{O}}$ $\gamma$ $\int_{\gamma}\frac{dG}{G-G_{*}}\in\pi iZ$ .
$M^{2}$
$z_{0}$
(1.9) $\xi(z):=\mathrm{c}\exp$ $\int_{z_{0}}^{z}\frac{dG}{G-G_{*}}$ $(c\in C\backslash \{0\})$
,
(1.10) $E:=(\begin{array}{ll}G/\xi \xi G_{*}/(G-G_{*})1/\xi \xi/(G-G_{*})\end{array})$
Legendrian curve $G$ $G_{*}$ .
$p\in M^{2}$ $E$ $G(p)=G_{*}(p)$ .
, PSL$(2, C)$ Legendrian curve
.
3
, $(G, G_{*})$ Legendrian curve
$c$ . $c$ $e^{iu}(u\in R)$ ( $EE^{*}$ ,
1 .
.
(1.10) $E$ $E^{-1}dE$ $\omega=-dG/\xi^{2}$ .
, :
L2 ([KUYI]). $M^{2}$ $G$ 0
1 $\omega$ ,
(1.11) $E=(\begin{array}{ll}A dA/\omega C dC/\omega\end{array})$ $(C:=G\sqrt{\frac{\omega}{dG}},$ $A:=GC)$
$M^{2}$ PSL$(2, C)$ Legendrian curve . ,
Legendrian curve .
, . , $G,$ $\omega$ $M^{2}$ well-defined
$E$ $M^{2}$ . , 1.1 (2) $\xi$
$M^{2}$ 1 .
$f:M^{2}arrow H^{3}$ , $E$ $M^{2}$ 1
. , $\overline{M}^{2}$ $\tau$
$E\circ\tau=E(\begin{array}{ll}e^{iu_{\tau}} 00 e" iu_{\tau}\end{array})$ $(u_{\tau}\in R)$
$u_{\tau}$ $f=EE^{*}$ $M^{2}$ 1
. , ( 11)
(1.12) $\int_{\gamma}\frac{dG}{G-G_{*}}\in iR$




: $f:M^{2}arrow H^{3}$ $\nu$ $t$
$f_{t}$ . $f$ , $f_{t}$ , $f_{t}$
. , $f$ $E$ $f_{t}$ $E_{t}$
$E_{t}=E(\begin{array}{ll}e^{-t/2} 00 e^{t/2}\end{array})$
4
. , $(G, G_{\ovalbox{\tt\small REJECT}})$
,
$e^{t/2}$ 0 0 $\theta$ $e^{\ovalbox{\tt\small REJECT}/2}$ 0 0 $e’\theta$
$E\ovalbox{\tt\small REJECT} dE_{t}$
0 $e\ovalbox{\tt\small REJECT}$ $\mathrm{w}$ 0 0 $e^{t/2}$ $e^{\ovalbox{\tt\small REJECT}}$’
.
Legendrian curve $E$ , $f=EE^{*}$ (1.6)
( ). $f_{t}=E_{t}E_{t}^{*}$ $|\rho_{t}|=|\theta_{t}/\omega_{t}|=e^{2t}|\rho|$
, .
2.1. Legendrian curve $E$ $f=EE^{*}:$ $M^{2}arrow H^{3}$
$p\in M^{2}$
$p$ $f$ .
$p$ , $\omega$ $\theta$ 0 .
, :




(3) $f$ (1.4) $(1, 1)$-part, $\omega\overline{\omega}+\theta\overline{\theta}$ $M^{2}$ ( )
.
(4) $E$ $(G, G_{*})$
$(G, G_{*}):M^{2}arrow \mathrm{C}P^{1}\cross \mathrm{C}P^{1}$
, .
Legendrian immersion flat front: , $n$ $N$
$T^{*}N$ $N$ $(x^{1}, \ldots, x^{n})$ $(x^{1}, \ldots, x^{n}; p_{1}, \ldots,p_{n})$
,
$\beta:=\sum p_{j}dx^{j}$
$T_{1}^{*}N$ , $T_{1}^{*}N$ . $n-1$ $M$
$T_{1}^{*}N$ $L$ : $Marrow T_{1}^{*}N$ Legendrian , $L^{*}\beta=0$
.
, $N$ $T_{1}N$ ,
$\pi:T_{1}Narrow N$ . , $L=(f, \nu):Marrow T_{1}N$ $(f=\pi \mathrm{o}L$ ,
$\nu\in T_{x(p)}N)$ Legendrian $\langle df, \nu\rangle=0$
. $f:Marrow N$ , $\nu$ .
5
Legendrian $L\ovalbox{\tt\small REJECT}(f, \nu)$ $f$ (wave) front . ,
$f_{t}(p)=\mathrm{E}\mathrm{x}\mathrm{p}_{f(p)}t\nu$,
$\nu_{t}(p)=\nu(p)$ $\nu(p)$ $f_{t}(p)$
$L_{t}=(f_{t}, \nu_{t})$ Legendrian immersion . [ $f_{t}$ $f$
.
$N=H^{3}$ . $H^{3}$ $L^{4}$ $T_{1}H^{3}$






23. Legendre $L:M^{2}arrow T_{1}H^{3}$ $f=\pi\circ L$
, (2.1) .
, $f$ , (2.1) [GMM]
.
24. Legendrian immersion $L=(f, \nu):M^{2}arrow T_{1}H^{3}$ $f$ (
) , $f$ flat front .
25. 2 $M^{2}$ flat front $f$ , (2.1)
$M^{2}$ Legendre $E:M^{2}arrow \mathrm{P}\mathrm{S}\mathrm{L}(2, C)$
$f=EE^{*}$ . $M^{2}$ Legendre $E$
f=EE* flat front , (2.1) $M^{2}$
.
, flat front 1.1, 12
.
: Flat front , 1 $\omega,$ $\theta$ ( (1.7) $g$








, $E$ $G,$ $G_{*}$ $\overline{E}$ $\overline{G},\overline{G}_{*}$
$\overline{G}=G_{*}$ , $\tilde{G}_{*}=G$
. ,
$E^{-1}dE=(\begin{array}{ll}0 \theta\omega 0\end{array})$ , $\tilde{E}^{-1}d\tilde{E}=(\begin{array}{ll}0 \overline{\theta}\overline{\omega} 0\end{array})$ ,
\mbox{\boldmath $\omega$}-=\mbox{\boldmath $\theta$} $\tilde{\theta}=\omega$
, $E$ $\tilde{E}$ $G$ $G_{*}$ ( $\omega$ $\theta$ ) .
$\overline{E}\overline{E}^{*}=EE^{*}$
, $E$ $\tilde{E}$ flat front .
3 flat front
flat front , .
3.1. Flat front $f:M^{2}arrow H^{3}$ , , $f$
$K$ , $K$ ,
.
32. Flat front $f:M^{2}arrow H^{3}$ , $M^{2}$
(end) .
, end :
33([GMM]). Hopf $Q$ end $p$ .
34. .
(1) $Q$ $p$ 2 .
(2) $G$ $p$ .
(3) $G_{*}$ $p$ .
3.4 end regular end .
$(G, G_{*})$
, $G\neq G_{*}$ . $G=G_{*}$ ,




35. flat front end $p$ ,
$G$ $G_{*}$ .
Osserman , ( )
, flat front
36([KUY2]). $\overline{M}^{2}$ ,
$f$ : $2\backslash \{p_{1}, \ldots,p_{n}\}arrow H^{3}$
flat front, $(G, G_{*})$ . ,
$\deg G+\deg G_{*}\geq n$
. , end regular .
4.1, 4.2, 4.3 47 end regular embedded
, .
4Flat front
4.1 ( ). $M^{2}=C\backslash \{0\}$
$G=z$, $\omega=\frac{e^{-t}}{2z}dz$ $t\in R$
, 12 , Legendre
$E= \frac{i}{\sqrt{2}}(\begin{array}{ll}e^{-t}/2 00 e^{t/2}\end{array}) (\begin{array}{ll}\sqrt{z} \sqrt{z}\frac{1}{\sqrt{z}} -\frac{1}{\sqrt{z}}\end{array})$
. flat front , $H^{3}$ (




42( ). $M^{2}=C\backslash \{0\}$
$G=\sqrt{\frac{\mu-1}{\mu+1}}z$ and $\omega=\frac{\sqrt{1-\mu^{2}}}{2}z^{\mu-1}dz$ $(\mu\in R_{+}\backslash \{1\})$ .
, 12 Legendre
$E= \frac{i}{\sqrt{2}}(\begin{array}{ll}z^{(\mu+1)/2} (\mu+1)z^{-(\mu-1)/2}z^{(\mu-1)}/2 (\mu-1)z^{-(\mu+1)/2}\end{array})$
. $\mu$ $E$ $M^{2}$ $\overline{M}^{2}$ ,
$\overline{M}^{2}$
$\tau$
$E\circ\tau=E(\begin{array}{ll}-e^{\pi i\mu} 00 -e^{-\pi i\mu}\end{array})$
, f=EE*V $M^{2}$ flat front . $f$
$\{|z|=1\}$ ( 2).
43(Jorge-Meeks ). $n\geq 2$ ,
$M^{2}:=C\cup\{\infty\}\backslash \{1, \zeta, \ldots, \zeta^{n-1}\}$ $( \zeta=\exp\frac{2\pi i}{n})$ .
. ,
(4.1) $G=z$ and $\omega=k(z^{n}-1)^{-2/n}dz$ $(k>0)$ ,
, 12 $M^{2}$ Legendre $E$
. $\mathrm{f}\mathrm{l}\mathrm{a}\grave{\mathrm{t}}$ front $M^{2}$ , $n$ regular







$G=z$ , $\omega=kz^{\mu_{1}}(z-1)^{\mu 2}dz$
. $k,$ $\mu_{1},$ $\mu_{2}$ . , Legendre
flat front 0, 1, oo embedded regular end .
45([KUY2]). Embedded regular ends genus 0trinoid ,
4.4 .
43 $n=3$ , 4.4 .
46($n$-noids). 4.4
$M^{2}=C\backslash \{p_{1}, \ldots,p_{n-1}\}$ , $G=z$ , $\omega=k(z-p_{1})^{\mu 1}\ldots(z-p_{n-1})^{\mu_{n}-1}dz$
, $p_{1},\ldots,p_{n-1},$ $\infty$ embedded regular ends flat front .
47( 1 embedded end [KRUY]). }$\backslash -$ $\overline{M}^{2}=C/\Gamma$
. $\Gamma$ $2\gamma_{1}$ $2\gamma_{2}$ $C$ , .
Weierstrass $\wp$
$G:=\wp$ , $\omega:=\frac{\wp’(z-a)\wp’(z)}{\{\wp(z)\}^{2}}dz$ ,
. $a$ , $\gamma_{j}+a\not\in\Gamma(j=1,2)$ [ . , $G$
$(0, \gamma_{1}, \gamma_{2}, \gamma_{1}+\gamma_{2})$ $\omega$ (6 ) regular embedded end
flat front .
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